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Delayed feedback chaotic oscillator with
improved spectral characteristics

A. Tamaševičius, G. Mykolaitis and S. Bumeliene
.

A chaotic oscillator, including a nonlinear unit, an amplifier, an RC

filter and a delay line, is described. Depending on the gain the circuit

exhibits mono- or two-scroll chaotic oscillations. The two-scroll

oscillations, in comparison with the mono-scroll oscillations, are

characterised by three times higher fundamental frequency.

Introduction: Delayed feedback oscillators are described by a delay

differential equation

dx

dt
¼ �xðtÞ þ N ½xðt � tÞ� ð1Þ

where x(t) is a dynamical variable, N(�) is a nonlinear function and t is a

delay time. The most popular example is the Mackey-Glass (MG)

system [1] where N(�) in (1) can be presented by

N ðxÞ ¼
2x

1þ x10
ð2Þ

where x� x(t� t) when inserted in (1). An electronic circuit imitating

the MG model has been described in [2]. We note that N(x)! 0 at large

jxj (practically at jxj> 2). Though the N(x) in (2) is an odd-symmetry

function the x(t) in (1) oscillates either in the positive (x > 0) or in the

negative (x < 0) region depending on the initial conditions. It does not

switch between the two regions, i.e. the system exhibits only simple

mono-scroll behaviour. Other nonlinear functions have been also

considered for (1), mostly composed of piecewise linear segments.

Similarly to the MG nonlinear function (2) they saturate to zero at larger

jxj. For example, a five-segment function was introduced in [3, 4]:

N ðxÞ ¼

0; x � �
4

3

�1:5Ax� 2:0; �
4

3
< x � �0:8

Ax; �0:8 < x � 0:8

�1:5Axþ 2:0; 0:8 < x �
4

3

0; x >
4

3

8>>>>>>>>>><
>>>>>>>>>>:

ðA > 0Þ ð3Þ

In this Letter we describe a novel delayed feedback oscillator generating

not only mono-scroll, but also more complex, two-scroll oscillations

with improved spectral characteristics. We consider the following three-

segment nonlinear function

N ðxÞ ¼

Bðxþ 1Þ � A;
Ax;

Bðx� 1Þ þ A;

x < �1

�1 � x � 1

x > 1

8<
: ðA > 0;B < 0Þ ð4Þ

and suggest its electronic implementation. In contrast to N(x) in (2) and

(3) the N(x) in (4) does not saturate to zero at larger jxj.

Circuitry: The oscillator (Fig. 1) has a ring structure and comprises

an OA1 based nonlinear unit, an amplifying stage (OA2), a lowpass

first-order RC filter, a delay unit DEL described in detail elsewhere

[2], and two buffers (OA3, OA4). The slope values A¼ ka and B¼ kb

in (4) are related to the resistor values as follows:

a ¼
R2

R1 þ R2

; b ¼ a
R4

R3

þ 1

� �
�

R4

R3

; k ¼
R6

R5

þ 1 ð5Þ

The circuit parameters are: R1¼R2¼R3¼ 1 kO, R4¼ 3 kO (a¼ 0.5,

b¼ � 1.0), R5¼ 4.7 kO (trimmer-pot), R6¼ 10 kO, R7¼ 190O (match-

ing resistor), R¼ 3.6 kO, C¼ 100 nF (RC¼ 360 ms). The delay time

Tdel was fixed at 3 ms (the dimensionless delay parameter

t¼ Tdel=RC’ 8). OA1, OA2, OA3 and OA4 are LM741 type

opamps; the diodes in the nonlinear unit are general-purpose devices.

Numerical results: Equation (1) with the nonlinear function (4) was

integrated numerically. Power spectra (Fig. 2) were obtained from the

variable x(t) by means of the fast Fourier transform (FFT) subroutine.

At lower values of gain k, which correspond to mono-scroll chaotic

oscillations, the fundamental frequency f * is related to the delay time

t as f *’ 1=3t (Fig. 2a), whereas at larger values of k, when two-scroll

chaotic oscillations are observed, the fundamental frequency is

essentially higher: f *’ 1=t (Fig. 2b). Another interesting feature of

the two-scroll mode chaotic oscillations is that the undesired

10–20 dB height peaks emerging at frequencies close to zero, also

at the fundamental frequency f * and its higher harmonics, can be

removed (Fig. 2c) by adding a constant external force c to (1),

similarly to that introduced in [5]. Consequently, the power spectrum

becomes flat over a wide frequency band.
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Fig. 1 Circuit diagram of delayed feedback oscillator
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Fig. 2 Power spectra from (1) with nonlinear function (4) for different
values of gain k

a Mono-scroll oscillations, k¼ 3.0, c¼ 0
b Two-scroll oscillations, k¼ 4.0, c¼ 0
c Two-scroll oscillations, k¼ 4.0, c¼ � 0.5
t¼ 8, a¼ 0.5, b¼ � 1.0

Experimental results: The DC transfer function of the nonlinear unit

is shown in Fig. 3. The dynamic behaviour of the overall system is

shown in Fig. 4. Power spectra are shown in Fig. 5.

Vout

Vin

Fig. 3 Experimental transfer function of nonlinear unit, Vout against Vin

Vertical scale 0.5 V=div., horizontal scale 1.0 V=div. a¼ 0.5, b¼ �1.0
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a b

Fig. 4 Experimental phase portraits

a Mono-scroll oscillations, k¼ 3.7
b Two-scroll oscillations, k¼ 4.3
Vertical UC (t), horizontal UC (t� Tdel). Tdel¼ 3 ms, a¼ 0.5, b¼ �1.0

Fig. 5 Experimental power spectra from circuit in Fig. 1 for different
values of gain k

a Mono-scroll oscillations, k¼ 3.7, no external DC bias
b Two-scroll oscillations, k¼ 4.3, no external DC bias
c Same as in b, but with DC bias of 0.2 V applied via resistor R5

Spectral range 0–500 Hz, horizontal scale 50 Hz=div., vertical scale 10 dB=div.,
resolution 3 Hz. Tdel¼ 3 ms, a¼ 0.5, b¼ �1.0

Conclusions: A novel delayed feedback chaotic oscillator is

proposed. The delay-line oscillator with a non-saturating nonlinear

unit exhibits not only mono-scroll, but also the more complex two-

scroll chaotic attractors. The type of oscillations can be controlled by

the gain of the amplifier. The fundamental frequency in the two-scroll

mode is three times higher than in the mono-scroll mode of chaotic

oscillations.
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